

CHUYÊN ĐỀ THỂ TÍCH


PhÇn 1. 

ThÓ tÝch khèi ®a diÖn

A. Lý thuyÕt

1. Kh¸i niÖm thÓ tÝch cña 1 khèi ®a diÖn (Sgk hh 12) 

2. C¸c c«ng thøc tÝnh thÓ tÝch cña khèi ®a diÖn

a) ThÓ tÝch khèi hép ch÷ nhËt

V = abc víi a, b, c lµ 3 kÝch th­íc cña khèi hộp ch÷ nhËt

b) ThÓ tÝch cña khèi chãp

V= 
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S®¸y . h  ; h: ChiÒu cao cña khèi chãp

c) ThÓ tÝch cña khèi l¨ng trô

V= S®¸y . h ; h: ChiÒu cao cña khèi l¨ng trô

B. C¸c d¹ng bµi tËp

D¹ng 1. TÝnh thÓ tÝch cña khèi ®a diÖn

*Ph­¬ng ph¸p: §Ó tÝnh thÓ tÝch cña khèi ®a diÖn ta cã thÓ:

+¸p dông trùc tiÕp c¸c c«ng thøc tÝnh thÓ tÝch

+Chia khèi ®a diÖn thµnh c¸c khèi nhá h¬n mµ thÓ tÝch cña c¸c khèi ®ã tÝnh ®­îc

+Bæ sung thªm bªn ngoµi c¸c khèi ®a diÖn ®Ó ®­îc 1 khèi ®a diÖn cã thÓ tÝnh  thÓ tÝch b»ng c«ng thøc vµ phÇn bï vµo còng tÝnh ®­îc thÓ tÝch.

*C¸c bµi tËp

1)VÒ thÓ tÝch cña khèi  chãp

+NÕu khèi chãp ®· cã chiÒu cao vµ ®¸y th× ta tÝnh to¸n chiÒu cao, diÖn tÝch ®¸y vµ ¸p dông c«ng thøc :V= 
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Bµi 1: TÝnh thÓ tÝch h×nh chãp tam gi¸c ®Òu SABC trong c¸c tr­êng hîp sau:

a) C¹nh ®¸y b»ng a, gãc ABC = 60o 

b) AB = a, SA = l

c) SA = l, gãc gi÷a mÆt bªn vµ mÆt ®¸y b»ng α
gi¶i:

	a) Gäi O lµ t©m ∆ABC ®Òu 

⇒ SO ⊥(ABC) 

SABC  =
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∆ABC cã SA = SB; ABC = 60o 

⇒ SA = AB = SB = a
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SO ⊥ OA ( v× SO ⊥ (ABC) ) Tam gi¸c vu«ng SOA cã:

SO2 = SA2 - OA2 = a2 - (
[image: image7.wmf]3

2

a
[image: image8.wmf]

 EMBED Equation.3  [image: image9.wmf]2
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⇒ SO = a
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VËy VSABC = S∆ABC . SO = 
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b) T­¬ng tù c©u a ®¸p sè: 

 VSABC = 
[image: image16.wmf]3

1

. 
[image: image17.wmf]4

3

2

a

.
[image: image18.wmf]3

2

2

a

l

-


	c) 

Gäi O lµ t©m ∆ABC

Gäi A’ lµ trung ®iÓm BC

DÔ thÊy ((SBC), (ABC)) = gãc SA’O = α
Tam gi¸c vu«ng SOA cã: 

       SO2 = l2 - OA2 = l2 - 
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Tam gi¸c vu«ng SOA’ cã: 
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Tõ (1) (2) ta cã:  
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 AA’2(sin2 α + 4) = 9l2
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S∆ABC = 
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⇒VSABC = 
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Bµi 2. Cho l¨ng trô ABCA’B’C’ cã ®é dµi c¹nh bªn = 2a, ∆ABC  vu«ng t¹i A, AB = a, AC = a
[image: image30.wmf]3

. H×nh chiÕu vu«ng gãc cña A’ trªn (ABC) lµ trung ®iÓm BC.     TÝnh VA’ABC theo a?

Gi¶i.

	-Gäi H lµ trung ®iÓm BC 

⇒A’H ⊥ (ABC) (gt)

-Ta cã S∆ABC = 
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-V× A’H ⊥ (ABC) ⇒ A’H ⊥ AH

Tam gi¸c vu«ng A’HA cã:

A’H2  = A’A2 - AH2 = (2a)2 - 
[image: image32.wmf]4

1

.(a2 + 3a2)

hay A’H2 = 4a2 - a2 = 3a2  ⇒ A’H = a
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⇒VA’ABC = 
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Bµi 3. H×nh chãp SABCD cã SA ⊥  (ABC), SA = a. ∆ABC vu«ng c©n cã

 AB = BC =a. B’ lµ trung ®iÓm SB. C’ lµ ch©n ®­êng cao h¹ tõ A cña ∆SAC

a) tÝnh VSABC
b) Chøng minh r»ng AB ⊥  (AB’C’). TÝnh VSAB’C’
Gi¶i

	a)

S∆ABC = 
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; SA =a

⇒ VSABC  = 
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 S∆ABC .SA = 
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b) ∆SAB cã AB = SA = a ⇒∆SAB c©n t¹i A 
[image: image41.wmf]⇒ AB’ ⊥  SB

B’S = B’B

BC⊥ AB      ⇒ BC ⊥ (SAB)   ⇒ BC ⊥ AB’    

BC⊥ SA

⇒ AB’ ⊥ (SAC)   ⇒ 
AB’ ⊥ SA        ⇒SC ⊥ (AB’C’)





AC’ ⊥ SC  

C¸ch 1  
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V× AB’ ⊥ (SBC) ⇒AB’ ⊥ B’C’. SC = 
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B’C’2 = SB’2 - SC’2 = 
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⇒S∆AB’C’ = 
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⇒V∆AB’C’ = 
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C¸ch 2
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Bµi 4 H×nh chãp SABC cã SA⊥ (ABC), ∆ABC c©n t¹i A, D lµ trung ®iÓm BC, AD = a, (SB, (ABC)) = α; (SB, (SAD)) = β. TÝnh VSABC.

Gi¶i

	DÔ thÊy 


(SB, (ABC)) = α =  SBA

(SB, (SAD)) = β =  BSD

∆ABC c©n      ⇒ AD ⊥ BC

DB = DC

∆SAB cã cos α =
[image: image50.wmf]SB
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BC ⊥ SA (v× SA⊥ (ABC)
⇒ BC ⊥ (SAD) ⇒ BC ⊥ SD
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Tam gi¸c vu«ng SB cã sinβ = 
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Tõ (1)  (2)  
⇒ 
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⇒ AB2(sin2 β – cos2 α) = -a2cos2 α  ⇒ AB = 
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S∆SAB =BD.AD = 
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SA = AB. tan α =
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⇒ VSABC = 
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 EMBED Equation.3  [image: image60.wmf]b

a

b

2

2

2

sin

cos

sin

-

a

= 
[image: image61.wmf]b

a

b

a

2

2

3

sin

cos

3

cos

sin

-

a


Bµi 5 Cho h×nh vu«ng ABCD c¹nh a. c¸c nöa ®­êng th¼ng Ax, Cy ⊥ (ABCD) vµ ë cïng mét phÝa víi mÆt ph¼ng ®ã. §iÓm M kh«ng trïng víi víi A trªn Ax, ®iÓm N kh«ng trïng víi C trªn Cy. §Æt AM = m, CN = n. TÝnh thÓ tÝch cña h×nh chãp BAMNC.

Gi¶i

	Gäi I lµ giao ®iÓm cña AC vµ BD

Ta cã BD ⊥ AC 

(v× ABCD lµ h×nh vu«ng)

(Ax, Cy) ⊥ (ABCD)

⇒ BD ⊥ (AMNC) 

⇒ BI ⊥ (AMNC)

BI = 
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DiÖn tÝch h×nh thang AMNC lµ S =
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VAMNC = 
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*NÕu khèi chãp cÇn tÝnh thÓ tÝch ch­a bÝÕt chiÒu cao th× ta ph¶i x¸c ®Þnh ®ù¬c vÞ trÝ ch©n ®­êng cao trªn ®¸y.

Ta cã mét sè nhËn xÐt sau:

-NÕu h×nh chãp cã c¹nh bªn nghiªng ®Òu trªn ®¸y hoÆc c¸c c¹nh bªn b»ng nhau th× ch©n ®­êng cao lµ t©m ®­êng trßn ngo¹i tiÕp ®¸y. 

-NÕu h×nh chãp cã c¸c mÆt bªn nghiªng ®Òu trªn đ¸y hoÆc cã c¸c ®­êng cao cña c¸c mÆt bªn xuÊt ph¸t tõ mét ®Ønh b»ng nhau th× ch©n ®­êng cao lµ t©m ®­êng trßn néi tiÕp ®¸y 

-H×nh chãp cã mÆt bªn hoÆc mÆt mÆt chÐo vu«ng gãc víi ®¸y th× ®­êng cao cña h×nh chãp lµ ®­êng cao cña mÆt bªn hoÆc mÆt chÐo ®ã.

-NÕu cã mét ®­êng th¼ng vu«ng gãc víi mÆt ®¸y cña khèi chãp th× ®­êng cao cña khèi chãp sÏ song song hoặc nằm trên víi ®­êng th¼ng ®ã.

-NÕu mét ®­êng th¼ng n»m trong ®¸y cña khèi chãp vu«ng gãc vu«ng gãc víi mét mÆt ph¼ng chøa ®Ønh cña khèi chãp th× ®­êng cao cña khèi chãp lµ ®­êng th¼ng kÎ tõ ®Ønh vu«ng gãc víi giao tuyÕn cña mÆt ®¸y vµ mÆt ph¼ng chøa ®Ønh ®· nãi ë trªn.

*NÕu khèi chãp lµ khèi tø diÖn th× ta cÇn khÐo chän mÆt ®¸y thÝch hîp.

Bµi 6: SABCD cã ®¸y lµ t©m gi¸c c©n t¹i A, BC =a,  ABC = α, c¸c c¹nh bªn nghiªng trªn ®¸y mét gãc α. TÝnh VSABC 
Gi¶i
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- Gäi H lµ h×nh chiÕu cña S lªn (ABC)

- V× c¸c c¹nh bªn nghiªng ®Òu trªn ®¸y ⇒ H lµ t©m ®­êng trßn ngo¹i tiÕp ∆ABC.

- Ta cã: ∆ABC = 
[image: image67.wmf]a

sin

.

.

2

1

AC

AB

 

mµ BC2 = 2AB2 - 2AB2cos α = 2AB2(1-cos α) = a2  ⇒ AB = 
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⇒ S∆ABC =
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HA = R = 
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Tan gi¸c vu«ng cã tan α =
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⇒VSABC = 
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Bµi 7: SABC cã ®¸y ABCD lµ h×nh b×nh hµnh vµ SABCD = 
[image: image74.wmf]3

 vµ gãc gi÷a 2 ®­êng chÐo = 60o. c¸c c¹nh bªn nghiªng ®Òu trªn ®¸y 1 gãc 45o. TÝnh VSABCD 

Gi¶i
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-H¹ SO ⊥ (ABCD)

- V× khèi chãp cã c¸c bªn nghiªng ®Òu trªn ®¸y. ⇒ O lµ t©m ®­êng trßn ®i qua 4 ®Ønh A, B, C, D ⇒ tø gi¸c ABCD lµ h×nh ch÷ nhËt vµ {O} = AC ∩ BD

- §Æt AC = BD =x.

Ta cã ShcnABCD = 
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- (SA, (ABCD)) = (SA, AO) = SAO = 45o = SCO = (SC, (ABCD)) ⇒ ∆ASC vu«ng c©n t¹i S ⇒ SO = 
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Bµi 8: SABC cã SA = SB = SC = a. ASB = 60o, BSC = 90o, CSA = 120o.

a) Chøng minh r»ng ∆ABC vu«ng

b) TÝnh VSABC
Gi¶i

a)
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 ⇒ AB = a

-Tam gi¸c vu«ng SBC cã BC2 = SB2 + SC2 = 2a2
-∆SAC cã AC2 = a2 + a2 -2a2cos120o = 2a2 - 2a2(-
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) =3a2
-∆ABC cã AC2 = AB2  + BC2 ⇒∆ABC vu«ng t¹i B

b) H¹ SH ⊥ (ABC)

V× SA = SB = SL
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 HA = HB = HC       ⇒ H lµ trung ®iÓm AC
∆ABC vu«ng t¹i B
Tam gi¸c vu«ng SHB cã SB = a      ⇒ SH2 = SB2 - BH2 = 
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(HoÆc ∆SAC lµ nöa ®Òu tam gi¸c ®Òu ⇒ SH = 
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Bµi 9: SABCD cã ®¸y ABCD lµ h×nh thang víi ®¸y lín AB = 2, ACB = 90o. ∆SAC vµ ∆SBD lµ c¸c tam gi¸c ®Òu cã c¹nh = 
[image: image88.wmf]3

. 

TÝnh thÓ tÝch khèi chãp SABCD.

§¸p sè:  VSABCD = 
[image: image89.wmf]4
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Bµi 10: SABCD cã ®¸y lµ h×nh thang vu«ng t¹i A vµ D, ∆SAD ®Òu c¹nh = 2a, 

BC = 3a. C¸c mÆt bªn lËp víi ®¸y c¸c gãc b»ng nhau. TÝnh VSABCD
Gi¶i
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3a

C

D

H

K


- H¹ SH ⊥ (ABCD), H ∈ (ABCD)
- V× c¸c mÆt bªn lËp víi ®¸y c¸c gãc b»ng nhau nªn dÔ dµng chøng minh ®­îc H lµ t©m ®­êng trßn néi tiÕp ®¸y

- Gäi K lµ h×nh chiÕu cña H lªn AD

- Ta cã HK = 
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- Tam gi¸c vu«ng SHK 
cã HK = a

SK = 
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 (v× ∆SAD ®Òu)
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V× ⋄ABCD ngo¹i tiÕp nªn: AB + CD = AD + BC = 5a

⇒SABCD = 
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⇒VSABCD = 
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Bµi 11: Cho h×nh chãp SABCD cã ABCD lµ h×nh vu«ng c¹nh 2a, SA = a, 

SB = a
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, (SAB) 
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(ABCD). M, N lần lượt là trung ®iÓm AB, BC. TÝnh VSBMDN
Gi¶i
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∆SAB h¹ SH b AB
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⇒SH b  (ABCD)  ⇒ SH b (BMDN)

S∆CDN = S∆MDA = 
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Bµi 12: SABCD cã ⋄ABCD lµ h×nh thang víi AB = BC = CD = 
[image: image106.wmf]2
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AD. ∆SBD vu«ng t¹i S vµ n»m trong mÆt ph¼ng vu«ng gãc víi ®¸y. SB = 8a, SD = 15a. 
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Bµi 13: h×nh chãp SACD cã ®¸y ABCD lµ h×nh ch÷ nhËt, ∆SCD c©n t¹i S vµ n»m trong mÆt ph¼ng 
[image: image120.wmf]^

 (ABCD). ∆SAB cã SA = a, ASB = 2 α vµ n»m trong mÆt ph¼ng lËp víi (SCD) mét gãc α. TÝnh thÓ tÝch khèi chãp SABCD
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Bµi 14: H×nh chãp SABCD cã ∆ABC vu«ng t¹i B, SA b (ABC). ACB =60o, 

BC = a, SA = a
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Bµi 15: H×nh chãp SABCD cã ABCD lµ h×nh vu«ng t©m O, SA 
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 (ABCD), 

AB = a, SA = a
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. H, K lÇn l­ît lµ h×nh chiÕu vu«ng gãc cña A trªn SB, SD. Chøng minh r»ng: SC 
[image: image144.wmf]^

  (AHK) vµ tÝnh thÓ tÝch h×nh chãp OAHK.
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Bµi 16: H×nh chãp SABCD cã ABCD lµ h×nh ch÷ nhËt, AB = a, AD = a
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 (ABCD). M, N lÇn l­ît lµ trung ®iÓm AD vµ SC. {I} = BM ∩ AC. TÝnh thÓ tÝch h×nh chãp ANIB.
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Bµi 17. H×nh chãp SABCD cã ®¸y ABCD lµ h×nh vu«ng c¹nh a, 

(SAD)
[image: image213.wmf]^

 (ABCD), ∆SAD ®Òu. Gọi M, N, P lÇn l­ît lµ trung ®iÓm SB, BC, CD. 

TÝnh thÓ tÝch h×nh chãp CMNP
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NhËn xÐt: cã thÓ dïng ph­¬ng ph¸p to¹ ®é ®Ó gi¶i víi gèc to¹ ®é O  .

0x ≡ EN, oy ≡ ED, oz ≡ ES

Bµi 18: Cho h×nh trô cã c¸c ®¸y lµ  hai h×nh trßn t©m O vµ O’ b¸n kÝnh ®¸y b»ng chiÒu cao b»ng a. Trªn ®­êng trßn t©m O lÊy A, Trªn ®­êng trßn t©m O’ lÊy B. sao cho AB = 2a. TÝnh thÓ tÝch h×nh chãp OO’AB
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Bµi 19: Cho h×nh chãp cã ABCD lµ h×nh ch÷ nhËt; AB = a.AD = 2a; 

SA 
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 (ABCD); (SA, (ABCD) = 60o. §iÓm M thuéc c¹nh SA, AM = 
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 (BCM) ∩ SD ={ N}.  TÝnh thÓ tÝch h×nh chãp S.BCMN
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Bµi 20: Cho h×nh chãp SABCD cã ABCD lµ h×nh thang; BAD = ABC = 90o; 

AB = BC = a; AD = 20; SA b (ABCD); SA = 2a. M, N lÇn l­ît lµ trung ®iÓm SA vµ SD. Chøng minh r»ng BCMN lµ h×nh ch÷ nhËt vµ tÝnh thÓ tÝch h×nh chãp S.BCNM

Gi¶i
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Bµi 21: Cho l¨ng trô ®øng ABCA1B1C1 cã ABC vu«ng. AB = AC = a; 

AA1 = a
[image: image247.wmf]2

. M lµ trung ®iÓm AA1. TÝnh thÓ tÝch l¨ng trô MA1BC1
H­íng dÉn:

+Chän mÆt ®¸y thÝch hîp  ⇒ V = 
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+Cã thÓ dïng c¶ ph­¬ng ph¸p to¹ ®é

Bµi 22: Tø diÖn ABCD cã AB = x cã c¸c c¹nh cßn l¹i b»ng 1. 

a.TÝnh thÓ tÝch tø diÖn theo x.


b.tÝnh kho¶ng c¸ch tõ ®iÓm B ®Õn mÆt ph¼ng ACD

c. T×m x ®Ó thÓ ABCD ®¹t gi¸ trÞ lín nhÊt

Gi¶i
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Gäi H lµ H×nh chiÕu cña D lªn (ABC) v× DA = DC = DB = 1 ⇒ H lµ t©m ®­êng trßn ngo¹i tiÕp ∆ABC mµ ∆ABC c©n H ∈ CC’ víi C’ lµ trung ®iÓm AB 
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HC = R∆ABC = 
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⇒Tam gi¸c vu«ng HCD cã HD2 = CD2- DC2  = 
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 EMBED Equation.3  [image: image255.wmf]2
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C¸ch 2:
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[image: image268.wmf]2

3

 vµ thÓ tÝch lín nhÊt lµ 
[image: image269.wmf]8

1


Bµi 23: Cho h×nh chãp SABCD cã ®¸y ABCD lµ h×nh vu«ng c¹nh a, SA vu«ng gãc víi mÆt ®¸y ABCD vµ SA=h.§iÓm M thuéc c¹nh CD.§Æt CM=x.H¹ 

SH vu«ng gãc víi BM.TÝnh thÓ tÝch khèi tø diÖn SABH.T×m x ®Ó thÓ tÝch khèi nµy lµ lín nhÊt.
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∆BAH vu«ng ë H cã BH=
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DÊu b»ng x¶y ra khi a=x tøc M trïng D. 

Bµi 24: H×nh chãp SABC cã ®¸y ABC lµ tam gi¸c ®Òu c¹nh a, SA vu«ng gãc víi ®¸y ABC vµ SA = a.§iÓm M thuéc c¹nh AB. §Æt gãc ACM b»ng 
[image: image286.wmf]a


H¹ SH vu«ng gãc víi CM

a)T×m gi¸ trÞ lín nhÊt cña thÓ tÝch khèi tø diÖn SAHC

b)H¹ AI vu«ng gãc  víi SC,AK vu«ng gãc víi SH TÝnh thÓ tÝch khèi tø diÖn SAKI.

§¸p sè
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Cã thÓ tÝnh thÓ tÝch khèi ®a diÖn nhê viÖc chia thµnh

c¸c khèi nhá hoÆc bæ sung thªm

Bµi 25: Cho tø diÖn ABCD cã c¸c cÆp c¹nh ®èi ®«i mét b»ng nhau AB = CD =a, AC = BD = b, AD = BC = c

TÝnh thÓ tÝch ABCD
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+Dùng ∆PQR sao cho B, C, D lÇn l­ît lµ trung ®iÓm PQ, QR, PR.

+S∆DCR = S∆BCQ = S∆PDB =
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Bµi 26: VABCD = 
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AD.BC.MN.Sin α. Trong ®ã ABCD lµ tø diÖn cã MN lµ ®é dµi cña ®o¹n vu«ng gãc chung cña c¸c cÆp c¹nh ®èi AD vµ CB, α =(AD, BC)

H­íng dÉn: Dïng h×nh hép ngo¹i tiÕp tứ diÖn nµy.

Bµi 27: Cho h×nh chãp SABC cã tÊt c¶ c¸c gãc ph¼ng ë ®Ønh A vµ B cña tam diÖn ®Òu b»ng α. AB = a. TÝnh thÓ tÝch h×nh chãp SABC
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mét sè bµi tËp cã thÓ gi¶i b»ng PP to¹ ®é vỚi viÖc chän hÖ to¹ ®é dÔ dµng

Bµi 1: Cho h×nh chãp SABCD cã ®¸y ABCD lµ h×nh thoi, AC = 4, BD = 2, AC c¾t BD t¹i O SO 
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  (ABCD), SA = 2
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. Gäi M lµ trung ®iÓm SC, (ABM) c¾t SD t¹i N. TÝnh thÓ tÝch khèi chãp S.ABMN
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⇒VSABMN = VSABN + VSBMN = 3
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C¸ch 2: Sö dông ph­¬ng ph¸p to¹ ®é
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Chän hÖ to¹ ®é xyz cã tia OX ≡ tia OA, tia oy ≡ OB, tia oz ≡ OS

DÔ thÊy A(2; 0; 0), B(0; 1; 0), S(0; 0; 2
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Bµi 2: Cho h×nh hép ch÷ nhËt ABCDA’B’C’D’ cã AB = a, AD = b , AA ’= c

a)TÝnh thÓ tÝch A’C’BD

b)Gäi M lµ trung ®iÓm CC’TÝnh thÓ tÝch MA’BD.
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a) C¸ch 1:

ThÓ tÝch cña khèi hép ABCDA’B’C’D’ lµ V = abc
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T­¬ng tù ta cã: VAA’BD  = VBA’B’ C’  = VD’A’DC’  = 
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C¸ch 2: dïng ph­¬ng ph¸p to¹ ®é

Chän hÖ to¹ ®é Axyz nh­ h×nh vÏ Ta cã: A(0; 0; 0), B(a; 0; 0) D( 0; b; 0), C(a; b; c), A’(0; 0; 0)
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b) Chän hÖ to¹ ®é nh­ h×nh vÏ.ta cã A(0;0;0)  , B(a;0;0)  ,  D(0;B;0)   ,  A’(0;0;c)   , C(a;b;0)        ,   C’(a;b;c)
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2) VÒ thÓ tÝch khèi l¨ng trụ
Ta th­êng ¸p dông c«ng thøc tÝnh thÓ tÝch ®· biÕt hoÆc chia nhá khèi cÇn tÝnh hoÆc bæ sung thªm

Bµi 1 Cho l¨ng trô tam gi¸c ABCA’B’C’ cã ®¸y ABC lµ tam gi¸c ®Òu, c¹nh a vµ A’A = A’B = A’C. C¹nh AA’ t¹o víi ®¸y mét gãc 60o. TÝnh thÓ tÝch l¨ng trô ABCA’B’C’.
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Gäi O lµ t©m ABC⇒ OA = OB = OC
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Bµi 2: Cho h×nh l¨ng trô ®øng ABC.A’B’C’ cã ®¸y ABC lµ mét tam gi¸c vu«ng t¹i A, AC = b, C = 60o. (BC’,(AA’C’C)) = 30o. TÝnh thÓ tÝch cña khèi l¨ng trô
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∆ABC vu«ng t¹i A cã 
[image: image384.wmf]C

ˆ

=600, AC=b nªn BC=2b vµ AB=
[image: image385.wmf]3

b.

v× AB 
[image: image386.wmf]^

 (ACC’A’) nªn AB b  AC’

∆ABC’ vu«ng t¹i A cã AC’ = 
[image: image387.wmf]b

AB

3

30

tan

0

=


∆ACC’ vu«ng t¹i C cã (CC’)2 = AC’2- AC2 = 9b2- b2 = 8b2
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⇒VABCA’B’C’ = S∆ABC.AA’ =
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Bµi 3

D¹ng 2: tØ sè thÓ tÝch

A/. Ph­¬ng ph¸p: Gi¶ sö mÆt ph¼ng α chia khèi ®a diÖn thµnh hai khèi cã thÓ tÝch lµ V1 vµ V2. §Ó tÝnh k = 
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ta cã thÓ:

-TÝnh trùc tiÕp V1, V​2 b»ng c«ng thøc ⇒ k

-TÝnh V2 (hoÆc V​2) b»ng c«ng thøc tÝnh thÓ tÝch cña c¶ khèi  ⇒ ThÓ tÝch V2 (hoÆc V1) ⇒ k

Ta cã c¸c kÕt qu¶ sau:

+Hai khèi chãp cã cïng diÖn tÝch ®¸y lµ tØ sè thÓ tÝch b»ng tØ sè hai ®­êng cao t­¬ng øng.

+Hai khèi chãp cã cïng ®é dµi ®­êng cao th× tØ sè thÓ tÝch b»ng tØ sè hai diÖn tÝch ®¸y.
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(chØ ®óng cho khèi chãp tam gi¸c (tø diÖn))

B. C¸c bµi tËp

Bµi 1: Chãp SABCD cã ®¸y ABCD lµ h×nh b×nh hµnh. M lµ trung ®iÓm SC. mÆt ph¼ng (P) chøa AM vµ //BD chia h×nh chãp thµnh hai ph©n. TÝnh tØ sè thÓ tÝch cña hai phÇn ®ã.
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mµ VSABD = VSCBD = 
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Bµi 2: H×nh chãp SABCD cã ®¸y lµ h×nh vu«ng, SA 
[image: image400.wmf]^

 (ABCD). (SC, (SAB)) = α. M¾p ph¼ng (P) qua A vµ vu«ng gãc SC chia h×nh chãp thµnh hai phÇn. TÝnh tØ sè thÓ tÝch hai phÇn ®ã.
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⇒ (P) // (SBD) ⇒ (P) ∩ (SBD) = MQ //BD
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Tam gi¸c vu«ng SAC: SA2 = SC.SN  ⇒ SN = 
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Bµi 3: SABCD lµ h×nh chãp tø gi¸c ®Òu c¹nh a, ®­êng cao h. MÆt ph¼ng qua AB  
[image: image425.wmf]^

 (SDC) chia chãp lµm hai phần. TÝnh tØ sè thÓ tÝch hai phÇn ®ã.

Bµi 4: Cho h×nh lËp ph­¬ng ABCDA’B’C’D’ c¹nh lµ a. M lµ trung ®iÓm CD, N lµ trung ®iÓm A’D’. TÝnh tØ sè thÓ tÝch hai phÇn ®ã (MNB’) chia h×nh lËp ph­¬ng.
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Gîi ý:

Gäi V1, V2 t­¬ng øng lµ thÓ tÝch c¸c phÇn trªn vµ phÇn d­íi thiÕt diÖn ta cã:

V1 = VB’ECF - (VEPD’N + VFMQC)
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Bµi 5: Cho tø diÖn SABC lÊy M, N thuéc c¹nh SA, SB sao cho
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DÔ thÊy thiÕt diÖn lµ h×nh thang MNEF (víi MF // NE)

§Æt V = VSABC, V1 = VMNEFCS, V2 = VMNEFAB
V1 = VSCEF + VSFME + VSMNE
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Bµi 6: Cho l¨ng trô ®øng tam gi¸c ®Òu ABCA’B’C’ cã c¹nh ®¸y vµ c¹nh bªn ®Òu b»ng a. M, N, E lÇn l­ît lµ trung ®iÓm cña BC, CC’, C’A’. TÝnh tØ sè thÓ tÝch hai phÇn l¨ng trô do (MNE) t¹o ra.
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Gäi V1, V2 t­¬ng øng lµ thÓ tÝch phÇn trªn vµ phÇn d­íi cña thiÕt diÖn, ta cã

V1 = VNIBM + VNBB’FI + VNB’C’EF

V2 = VNFA’E + VNAA’FI + VNACMI
So s¸nh tõng phÇn t­¬ng øng ta cã V1 = V2  
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Bµi 7: Cho h×nh vu«ng ABCD c¹nh a. {O} = AC 
[image: image453.wmf]Ç

 BD, ox 
[image: image454.wmf]^

  (ABCD). LÊy 

S 
[image: image455.wmf]Î

 Ox, S 
[image: image456.wmf]¹

 O. MÆt ph¼ng qua AC vµ vu«ng gãc (SAD) chia h×nh chãp thµnh hai phÇn. TÝnh tØ sè thÓ tÝch cña hai phÇn ®ã.

D¹ng 3 .Ph­¬ng ph¸p thÓ tÝch : Chøng minh ®¼ng thøc, bÊt ®¼ng thøC,kho¶ng c¸ch tõ 1 ®iÓm tíi mét mÆt ph¼ng
dùa vµo thÓ tÝch.

Bµi 1: SABC cã SA = 3a, SA 
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 (ABC), ∆ABC cã AB = BC = 2a, ABC =120o
TÝnh D(A,(SBC)).
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Bµi 2: SABC cã ®¸y ABC lµ tam gi¸c ®Òu c¹nh a
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∆SAM vu«ng t¹i A cã SM2 = SA2 + AM2 = 4a2  + 
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Bµi 3: Cho tø diÖn ABCD cã AD b (ABC); AC = AD = 4; AB = 3, BC = 5. 

TÝnh d(A, (BCD)) ?
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Bµi 4: Cho tø diÖn ABCD cã AB = a; CD = b, c¸c c¹nh cßn l¹i b»ng c. 

TÝnh d(A, (BCD))
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∆ACD = ∆BCD. Gäi M lµ trung ®iÓm CD 

⇒AM = BM, DC 
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VABCD = 2 VBCMA = 2.
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Bµi 5: Cho tø diÖn ABCD cã AB = CD = x c¸c c¹nh cßn l¹i b»ng 1.


a) TÝnh thÓ tÝch tø diÖn ABCD theo x

b)TÝnh d(A, (BCD))

T­¬ng tù bµi 4 

§¸p sè:
 VABCD = 
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Bµi 6: Cho l¨ng trô ®øng ABCA1B1C1 cã AB = a, AC = = 2a, AA1 = 2a
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 vµ BAC = 120o. Gäi m lµ trung ®iÓm cña c¹nh CC1. 

Chøng minh r»ng MB 
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 MA1 vµ tinh kho¶ng c¸ch d tõ ®iÓm A tíi mÆt ph¼ng (A1BM)
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§­a vµ hÖ trôc to¹ ®é A1xyz vu«ng gãc nh­ h×nh vÏ: gèc to¹ ®é A1. trôc A1Z h­íng theo 
[image: image519.wmf]A

A

1

  

Trôc A1y h­íng theo 
[image: image520.wmf]1

1

C

A

 Trôc A1x t¹o víi trôc Oy gãc 90o vµ n»m trong MP (A1B1C1).

To¹ ®é c¸c ®iÓm:

A1(0 ; 0; 0), B1(
[image: image521.wmf])

0

;

;

2

2

3

a

a

-

, C1(0; 2a; 0)

A(0 ; 0; 2a
[image: image522.wmf]5

), B(
[image: image523.wmf])

5

 

2a

;

;

2

2

3

a

a

-

, C(0; 2a; 2a
[image: image524.wmf]5

)

M(0; 2a; a
[image: image525.wmf]5

)


[image: image526.wmf]BM

(
[image: image527.wmf];

;

2

5

2

3

a

a

-

-a
[image: image528.wmf]5

)


[image: image529.wmf]M

A

1

(0; 2a; a
[image: image530.wmf]5

), 
[image: image531.wmf]AB

(
[image: image532.wmf];

;

2

2

3

a

a

-

0)


[image: image533.wmf]M

A

BM

1

.

 = 0+5a2 - 5a2 = 0 (BM 
[image: image534.wmf]^

 MA1 )

ThÓ tÝch khèi chãp AA1BM b»ng V = 
[image: image535.wmf]6

1

|
[image: image536.wmf]AB

 [
[image: image537.wmf]M

A

BM

1

,

]|


[image: image538.wmf]M

A

BM

1

.

= 

[image: image539.wmf]5

2

a

      -a
[image: image540.wmf]5

      

[image: image541.wmf]3

2

a

-

     -a
[image: image542.wmf]5

           
[image: image543.wmf]3

2

a

-

      
[image: image544.wmf]5

2

a




2a           a
[image: image545.wmf]5

   ;      0               a
[image: image546.wmf]5

  ;      0               2a  

    =
[image: image547.wmf](

)

3

;

;

2

2

15

2

5

9

2

2

a

a

a

-


⇒VAA1BM = 
[image: image548.wmf]3

15

2

15

2

2

5

9

2

3

6

1

2

2

2

0

.

.

a

a

a

a

a

=

+

-


S∆BMA1 = 
[image: image549.wmf]6

1

.
[image: image550.wmf]ë

û

M

A

BM

1

.

 = 3a2
[image: image551.wmf]3

 ⇒ Kho¶ng c¸ch tõ A tíi (BMA1) b»ng 

h = 
[image: image552.wmf]3

5

3

a

S

V

=


Bµi 7: Cho tø diÖn OABC. LÊy M n»m trong tam gi¸c ABC, c¸c ®­êng th¼ng qua M // víi OA, OB. OC c¾t c¸c mÆt OBC, OCA, OAB lÇn l­ît t¹i A1, B1, C1.
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KÎ AH b (OBC), MK b (OBC)  AH //MK
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T­¬ng tù ta cã 
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Bµi 8: Gi¶ sö M lµ mét ®iÓm n»m trong tø diÖn ABCD. C¸c ®­êng th¼ng MA, MB, MC, MD c¾t c¸c mÆt ®èi diÖn t¹i A1, B1, C1, D​1.

Chøng minh r»ng 
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Nèi M víi bèn ®Ønh cña tø diÖn ABCD ta cã:

V = VMBCD + VMACD + VMABD+ VMABC
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Gäi H, K lÇn l­ît lµ h×nh chiÕu cña A, M lªn (BCD) ⇒ MK//AH  ⇒
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T­¬ng tù:  
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Bµi 9: Cho h×nh chãp tø gÝc ®Òu SABCD trªn c¸c c¹nh SA, SB, SC ta lÊy c¸c ®iÓm A1, B1, C1 sao cho 
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T­¬ng tù: 
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Tõ (3) vµ (6) ta cã 
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PhÇn 2.

 ThÓ tÝch khèi cÇu, khèi trô, khèi nãn

A/. Lý thuyÕt.

1/§Þnh nghÜa:

-ThÓ tÝch khèi cÇu (Sgk HH12 – Trang 44)

-ThÓ tÝch khèi trô (Sgk HH12 – Trang 50)

-ThÓ tÝch khèi nãn (Sgk HH12 – Trang 56)

2/C¸c c«ng thøc:

a)ThÓ tÝch khèi cÇu V = 
[image: image585.wmf]3

3

4

R

p

, R: b¸n kÝnh mÆt cÇu

b)ThÓ tÝch khèi trô V = S®¸y.h , h: chiÒu cao

c)ThÓ tÝch khèi nãn V = 
[image: image586.wmf]3

1

S®¸y.h , h: chiÒu cao

B/.Bµi tËp

ë ®©y chñ yÕu lµ bµi tËp tÝnh thÓ tÝch khèi cÇu, trôn nãn dùa vµo c¸c c«ng thøc trªn.

Bµi 1: Cho l¨ng trô tam gi¸c ®Òu cã ®¸y lµ tam gi¸c ®Òu c¸c c¹nh ®Òu b»ng a, c¹nh bªn b»ng b. TÝnh thÓ tÝch mÆt cÇu ®i qua c¸c ®Ønh cña l¨ng trô

Gi¶i

[image: image587.wmf]a
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-Gäi O vµ O’ lµ t©m ∆ABC vµ ∆A’B’C’ th× OO’ lµ trôc cña c¸c ®­êng trßn ngo¹i tiÕp ∆ABC vµ∆A’B’C’

-Gäi I lµ trung ®iÓm OO’ th× IA = IB =IC = IA’ = IB’ = IC’ hay I lµ t©m mÆt cÇu ngo¹i tiÕp l¨ng trô

-B¸n kÝnh mÆt cÇu lµ R = IA

Tam gi¸c vu«ng AOI cã: AO = 
[image: image588.wmf]3
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OI = 
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⇒AI2 = OA2+OI2 =
[image: image590.wmf]12
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⇒ AI = 
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AI2 = 
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V= 
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Bµi 2: Cho h×nh chãp tø gi¸c ®Òu cã c¹nh ®¸y b»ng a, c¹nh bªn hîp víi ®¸y mét gãc 30o. TÝnh thÓ tÝch mÆt cÇu ngo¹i tiÕp h×nh chãp.

Gi¶i

[image: image595.wmf]a
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Gäi O lµ t©m h×nh vu«ng ABCD. Ta cã SO b (ABCD), SO lµ trôc cña ABCD, (SA, (ABCD)) = SAO = 30o
Gäi M lµ trung ®iÓm SA

Trung trùc cña SA c¾t SO t¹i I ⇒ I lµ t©m mÆt cÇu ngo¹i tiÕp h×nh chãp

⋄OIMA lµ tõ gi¸c néi tiÕp ⇒ SI.SO = SM.SA  ⇒ SI = 
[image: image596.wmf]SO
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Víi AO = 
[image: image597.wmf]2
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, AS = 
[image: image598.wmf]3
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, SO = SA sin30o = 
[image: image599.wmf]6
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⇒SI = 
[image: image600.wmf]6
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[image: image601.wmf]3
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  ⇒ VMcÇu = 
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C¸c bµi tËp vÒ x¸c ®Þnh t©m, b¸n kÝnh mÆt cÇu ngo¹i tiÕp,

néi tiÕp khèi chãp, khèi l¨ng trô, ®Òu hái

thªm thÓ tÝch mÆt cÇu
Bµi 3: Cho h×nh trô cã ®¸y lµ t©m ®­êng trßn t©m O vµ O’ tø gi¸c ABCD lµ h×nh vu«ng néi tiÕp trong ®­êng trßn t©m O. AA’, BB’ lµ c¸c ®­êng sinh cña khèi trô. BiÕt gãc cña mÆt ph¼ng (A’B”CD) vµ ®¸y h×nh trô b»ng 60o. TÝnh thÓ tÝch khèi trô

Gi¶i
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[image: image604.wmf]î
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  ⇒ADA’ lµ gãc cña (A’B’CD) vµ ®¸y 

Do ®ã: ADA’ = 60o
∆OAD vu«ng c©n nªn AD = OA
[image: image605.wmf]2

 = R
[image: image606.wmf]2


∆ADA’ cã h = AA’ = ADtan60o = R
[image: image607.wmf]6


V = R2h = R3
[image: image608.wmf]6


Bµi 4: Bªn trong h×nh trô cã mét h×nh vu«ng ABCD c¹nh a néi tiÕp mµ A, B thuéc ®­êng trßn ®¸y thø nhÊt vµ C, D thuéc ®­êng trßn ®¸y thø hai cña h×nh trô mÆt ph¼ng h×nh vu«ng t¹o víi ®¸y h×nh trô mét gãc 45o. TÝnh thÓ tÝch khèi trô.

Gi¶i
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Gäi I, J lµ trung ®iÓm cña AB vµ CD

Ta cã: OI AB; IJ c¾t OO’ t¹i ttrung ®iÓm M cña OO’ 

MIO = 45o lµ gãc cña mÆt (ABCD) víi ®¸y, do ®ã:

O’I = 
[image: image610.wmf]2
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; R = 
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h = 2OM =
[image: image612.wmf]2
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VËy V = R2h = 
[image: image613.wmf]3
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Bµi 5: Mét h×nh trô cã diÖn tÝch toµn phÇn S = 6. X¸c ®Þnh c¸c kÝch th­íc cña khèi trô ®Ó thÓ tÝch cña khèi trô nµy lín nhÊt.

Gi¶i

STP = 2Rh +2R2 =2R(R+h) = 6

⇔R(h+R) = 3 ⇔ Rh + R2 = 3 

V = R2h = R(3-R2) = -R3 +3R

V’ = -3R2  + 3; V’ =0 ⇔ R = 1

Dùa vµo b¶ng biÕn thiªn ta cã VMax ⇔R = 1 vµ h = 2

Bµi 6: Mét mÆt ph¼ng (P) qua ®Ønh h×nh nãn c¾t ®­êng trßn ®¸y mét cung α vµ (P) t¹o víi ®¸y mét gãc β. Cho kho¶ng c¸ch tõ t©m O cña ®¸y ®Õn (P) b»ng a. TÝnh thÓ tÝch cña khèi nãn.

Gi¶i

[image: image614.wmf]O
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Gäi E lµ trung ®iÓm AB ta cã 
[image: image615.wmf]OES= β ; AOB= α
VÏ OM (SAB) th× SOM= ta cã:

SO=
[image: image616.wmf]b
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  vµ OE=
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B¸n kÝnh ®¸y R=OA=
[image: image618.wmf]

 EMBED Equation.3  [image: image619.wmf]2
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ThÓ tÝch khèi nãn lµ:V=
[image: image620.wmf]3
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Bµi 7: Cho h×nh nèn ®Ønh S, ®­êng cao SO = h, b¸n kÝnh ®¸y = R. M ∈ SO lµ ®­êng trßn (C). 

1.TÝnh thÓ tÝch khèi nãn cã ®Ønh S vµ ®¸y lµ (C).

2.T×m x ®Ó thÓ tÝch nµy lín nh¸t

Gi¶i
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ThÓ tÝch khèi nãn V=
[image: image623.wmf])
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V’=
[image: image624.wmf][
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V’ = 0 ⇔
[image: image625.wmf]ê
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Dùa vµo b¶ng biÕn thiªn ta cã: V Max  ⇔x =
[image: image626.wmf]3
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Bµi 8: Cho h×nh trô cã b¸n kÝnh ®¸y x, chiÒu cao y, diÖn tÝch toµn phÇn b»ng 2
[image: image627.wmf]p

.Víi x nµo th× h×nh trô tån t¹i? TÝnh thÓ tÝch V cña khèi trô theo x vµ t×m gi¸ trÞ lín nhÊt cña V.

Gi¶i

Ta cã Stp=Sxq+2S®=
[image: image628.wmf])
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Theo gi¶ thiÕt ta cã 2 (xy+x2)=2

⇔xy+x2  =1 ⇔   y =
[image: image629.wmf]x
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 EMBED Equation.3  [image: image630.wmf].H×nh trô tån t¹i  y>0 ⇔1-x2> 0 ⇔0 < x < 1

Khi ®ã V = x2y = x(1-x2) = -x3+x

Kh¶o s¸t hµm sè trªn víi x (0,1) ta ®­îc gi¸ trÞ lín nhÊt cña V=
[image: image631.wmf]3
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Bµi 9: Cho h×nh nãn trßn xoay ®Ønh S, ®¸y lµ h×nh trßn t©m O.Trªn ®­êng trßn ®ã lÊy mét ®iÓm A cè ®Þnh vµ mét ®iÓm M di ®éng.BiÕt AOM= α  ,nhÞ diÖn c¹nh AM cã sè ®o b»ng β vµ kho¶ng c¸ch t­ O ®Õn (SAM) b»ng a.

TÝnh thÓ tÝch khèi nãn theo a, α, β.

Gi¶i

Gäi I lµ trung ®iÓm AM

∆SAM c©n nªn SI  
[image: image632.wmf]^

  AM

∆OAM c©n nªn OI 
[image: image633.wmf]^

 AM

(SOI) 
[image: image634.wmf]^

 AM nªn SOI lµ gãc ph¼ng nhÞ diÖn c¹nh AM ⇒ SIO =  β
KÎ OH 
[image: image635.wmf]^

 (SAM)

(SOI) 
[image: image636.wmf]^

 (SAM)

⇒ H ∈ SI vµ OH = a

Ta cã OI=
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Bµi 10: Cho mÆt cÇu ®­êng kÝnh AB=2R. Gäi I lµ ®iÓm trªn AB sao cho AI=h. Mét mÆt ph¼ng vu«ng gãc víi AB t¹i I c¾t mÆt cÇu theo ®­êng trßn (C).

+TÝnh thÓ tÝch khèi nãn ®Ønh A vµ ®¸y lµ (C). 

+X¸c ®Þnh vÞ trÝ ®iÓm I ®Ó thÓ tÝch trªn ®¹t gi¸ trÞ lín nhÊt.

Gi¶i
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Gäi EFlµ 1 ®­êng kÝnh cua (C) ta cã :


IE2  = IA.IB  = h(2R-h) ⇒ R = IE = 
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ThÓ tÝch cÇn tÝnh lµ:V=
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